A topological current is shown to exist in superconductivity. Using the -mapping topological current theory, we have obtained a rigorous London equation with topological current, which reveals the inner relation between the condensate wave function and the induction B ជ . It is also shown that the equation is characterized by the Hopf index and Brouwer degree of mapping. As a result, the so-called modified London equation, which describes the distribution of the magnetic field for isolated vortices, is only a special case of the equation. Our theory, obtained without using any particular models or hypotheses, can also be applied to the illustration of a vortex-antivortex pair, vortex ring, and multicharged vortex. ͓S0163-1829͑98͒04025-9͔
The -mapping topological current theory and the composed theory of gauge potential [1] [2] [3] [4] [5] [6] [7] [8] play an important role in studying the topological invariant and structure of physics system. They have been used to study the topological current of monopoles, 2 topological string theory, 3 topological characteristics of dislocations and disclinations continuum, 4, 5 topological structure of the defects of space time in the early universe as well as its topological bifurcation, 6, 7 and the topological structure of the Gauss-Bonnet-Chern theorem. 8 In this paper, an elementary topological current is shown to exist in superconductivity, which will lead to the rigorous London equation with the topological current and the London equation with the topological structure by making use of the -mapping topological current theory.
In the mixed state, a type-II superconductor is penetrated by an array of vortices. The distribution of the magnetic field for isolated vortices, each of which can be considered as a discontinuity carrying a quantum of flux 0 , is usually described by the so-called modified London equation 9, 10 
where the line integral is taken along the ith flux line, the distance is called the London penetration depth of the magnetic field, and the value of 0 , the quantum of flux, is ch/2eϭ2ϫ10 Ϫ7 G cm 2 . In order to give a complete description of a type-II superconductor, the term 0
, that is, appropriate singularities along the positions r ជ i of the vortex cores, deduced not from the original condensate wave function, must be added to the London theory. In our opinion, the term singularities should come directly from the intrinsic topological character of the condensate wave function.
In a superconducting metal, two types of electric current, namely, the superconductivity current and the normal current, can simultaneously flow in it. We shall denote the two current densities by j ជ s and j ជ n ; the total current density j ជ ϭ j ជ s ϩ j ជ n . Several important conclusions about the properties of the superconductivity current can be drawn, regardless of any particular model, simply from the existence of a macroscopic quantity, the condensate wave function . The quantity ͉͉ 2 is the number density of superconducting electrons. Let us now consider a homogeneous superconductor in a magnetic field weaker than the critical field at which the superconductivity is lost. The relation between the superconductivity current j ជ s and the condensate wave function is
that is
where the physical quantity V ជ is defined as
If we write the wave function as (r ជ )ϭ͉͉e i⌰(r ជ ) , the physical quantity V ជ can be expressed as the gradient form
from which the definition of the velocity potential ⌰ comes. Let the body we studied be in a state of thermodynamic equilibrium, so that there is no normal current and j
We shall also use the general Maxwell's equations:
To put them in the appropriate form, we first rewrite the relation ͑5͒ between the superconductivity current density and the physical quantity V ជ through Eq. ͑6͒: 
For the London approximation corresponds to the assumption that is constant, taking the curl of both sides of Eq. ͑8͒ and noting that ٌϫA ជ ϭB ជ and Eq. ͑7͒, we have
Comparing this expression with Eq. ͑1͒, it is clear that modified London equation, under the London approximation, is equal to the supposition
This assumption, however, has not been proved directly and rigorously up to now and the right side of Eq. ͑10͒ has nothing to do with the condensate wave function . In our opinion, since from Eq. ͑3͒ V ជ is the function of , the property of ٌϫV ជ should be determined directly by . From Eq. ͑4͒ it is apparent that the vorticity ٌϫV ជ should be zero, but we will show that ٌϫV ជ cannot vanish identically when we consider the zero points of the condensate wave function .
It is well known that the condensate wave function (r ជ ), which is like the Schrödinger wave function, can be looked upon as a section of a complex line bundle with base manifold M ͑in this paper M ϭR 3 ). 11 Denoting the wave function
where 1 (r ជ ) and 2 (r ជ ) are two components of a twodimensional vector field
on R 3 , one can introduce the two-dimensional unit vector field
satisfying n a n a ϭ1.
From Eq. ͑13͒, it is easy to see that the zeroes of the wave function (r ជ ) are just the singularities of n ជ (r ជ ). In our viewpoints, the topological of superconductivity should be determined by the intrinsic topology character of the section of this line bundle. From Eqs. ͑3͒ and ͑13͒, it can be proved that V ជ ϭϪ⑀ ab ٌn a n b ϭϪ⑀ ab ‫ץ‬ k n a n b e ជ k and the vorticity
where e ជ k (kϭ1,2,3) are the base vectors in Cartesian coordinate system. Using the two-dimensional unit vector field ͑13͒, we can construct a topological current of wave function
which is the special case of the general -mapping topological current theory, 8 so that Eq. ͑14͒ is turned into
Therefore, in superconductivity the vorticity ٌϫV ជ can be expressed in terms of the topological current of the wave function. Substituting Eq. ͑13͒ into Eq. ͑14͒, we get
Using the Green-function theory in space
and following the -mapping topological current theory, it can be rigorously proved that
Thus we have the important result
͑16͒
where D ជ (/x) is the vector Jacobian of ជ :
From Eq. ͑16͒, we see that the vorticity ٌϫV ជ does not vanish at the zero points of ជ , i.e., 1 ͑ x,y,z ͒ϭ0, 2 ͑ x,y,z ͒ϭ0. ͑18͒
The solutions of Eq. ͑18͒ are generally expressed as
. . ,N) where ជ ϭ0 ͑i.e., ϭ0) in space. Direct substitution of Eq. ͑16͒ into Eq. ͑9͒ leads to
͑19͒
So far we have obtained the rigorous London equation with the topological current ͑19͒ in which the location and the direction of the ith flux line is determined by the ith singular string L i and the vector Jacobian D ជ ͓(/x)͔ in L i , respectively. Here it can be seen that the relation between the condensate wave function and the induction B ជ is revealed clearly in Eq. ͑19͒. When the vector field ជ , i.e., the wave function , has no zero values, ␦ 2 ( ជ ) is zero and Eq. ͑19͒ becomes
which is the equation of the Meissner state. So, Eq. ͑19͒ describes both the mixed state and the Meissner state.
In the theory of the ␦ function of the function ជ (r ជ ), 12, 13 one can prove that
where
L i is the ith singular string where ϭ0 and ⌺ i is a planar element where uϭ(u 1 ,u 2 ) are the intrinsic coordinates. We stress that ⌺ i is normal to L i at point r ជ i (l), i.e., ⌺ i is transversal to L i at point r ជ i (l). The positive integer ␤ i is the Hopf index of mapping and
is the Brouwer degree of mapping. 14 The meaning of ␤ i is that when the point r ជ covers the neighborhood of the zero r ជ i on ⌺ i once, the vector field ជ covers the corresponding region ␤ i times. Using Eqs. ͑17͒ and ͑22͒, as well as following the -mapping topological current theory, we can obtain
Then, from Eqs. ͑21͒ and ͑24͒ we have
Substitution of Eq. ͑25͒ into Eq. ͑19͒ leads to the London equation with topological structure
It is obvious that Eq. ͑26͒ represents N isolated vortices of which the ith vortex carries flux ␤ i i 0 . Comparing this expression with Eq. ͑1͒, it can be seen that the modified London equation is just a special case of Eq. ͑26͒ with ␤ i ϭ1 and i ϭϩ1.
Besides the single charged vortices case described by the modified London equation, the London equation with topological structure ͑26͒ includes some other important cases, such as multicharged vortices 15 (␤ i 1), vortex-antivortex pairs 16, 17 (Nϭ2, ␤ 1 ϭ␤ 2 , 1 ϭ1, and 2 ϭϪ1), vortex rings (L i is a ring͒, and so on. These cases will be discussed in detail in other papers.
Finally, we must point out that the rigorous London equation with topological current ͑19͒ and the London equation with topological structure ͑26͒ are obtained only from the superconductivity current j ជ s ͑2͒ and the general Maxwell's equations without using any particular models or hypotheses.
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